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HERMITE-HADAMARD’S TYPE INEQUALITIES ON A BALL
M. ROSTAMIAN DELAVAR
Abstract. Some trapezoid and mid-point type inequalities related to the Hermite-
Hadamard inequality for the mappings defined on a ball in the space are obtained.
1. Introduction
Consider the ball B¯(C,R) in the space where C = (a, b, c) ∈ R3, R > 0 and
B¯(C,R) = {(x, y, z) ∈ R3|(x− a)2 + (y − b)2 + (z − c)2 ≤ R2}.
Also consider σ(C,R) as the boundary of B¯(C,R), i.e.
σ(C,R) = {(x, y, z) ∈ R3|(x− a)2 + (y − b)2 + (z − c)2 = R2}.
The following result has proved in [1], which is the Hermite-Hadamard inequality
for convex functions defined on a ball B¯(C,R).
Theorem 1.1. Let B¯(C,R) → R be a convex mapping on the ball B¯(C,R). Then
we have the inequality:
f(a, b, c) ≤
3
4piR3
∫ ∫ ∫
B¯(C,R)
f(x, y, z)dv ≤ (1)
1
4piR2
∫ ∫
σ(C,R)
f(x, y, z)dσ.
Motivated by (1), we obtain some trapezoid and mid-point type inequalities
related to the Hermite-Hadamard inequality for the mappings defined on a ball
B¯(C,R) in the space. In this paper we use the spherical coordinates to prove our
results.
2. Main Results
The following is trapezoid type inequalities related to the (1) for the mappings
defined on B¯(C,R).
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Theorem 2.1. Suppose that B¯(C,R) ⊂ I◦, where I ⊂ R3 and consider f : B¯(C,R)→
R which has continuous partial derivatives with respect to the variables ρ, ϕ and θ
on I◦ in spherical coordinates. If |∂f
∂ρ
| is convex on B¯(C,R), then
∣∣∣∣ 14piR2
∫ ∫
σ(C,R)
f(x, y, z)dσ −
1
4
3
piR3
∫ ∫ ∫
B¯(C,R)
f(x, y, z)dv
∣∣∣∣ ≤ (2)
1
16piR
∫ ∫
σ(C,R)
∣∣∂f
∂ρ
∣∣(x, y, z)dσ.
Furthermore above inequality is sharp.
Proof. First notice that∫ ∫ ∫
B¯(C,R)
f(x, y, z)dv = (3)
∫ 2pi
0
∫ pi
0
∫ R
0
f(a+ ρcosθsinϕ, b+ ρsinθcosϕ, c+ ρcosϕ)ρ2sinϕdρdϕdθ.
Second notice that∫ ∫
σ(C,R)
f(x, y, z)dσ = (4)
∫ 2pi
0
∫ pi
0
f(a+Rcosθsinϕ, b+Rsinθcosϕ, c+Rcosϕ)R2sinϕdϕdθ.
Now for fixed ϕ ∈ [0, pi] and θ ∈ [0, 2pi], we have
∫ R
0
∂f
∂ρ
(a+ ρcosθsinϕ, b+ ρsinθcosϕ, c + ρcosϕ)ρ3sinϕdρ = (5)
R3f(a+Rcosθsinϕ, b+Rsinθcosϕ, c+Rcosϕ)−
− 3
∫ R
0
f(a+ ρcosθsinϕ, b+ ρsinθcosϕ, c+ ρcosϕ)ρ2sinϕdρ.
So integrating with respect to ϕ ∈ [0, pi] and θ ∈ [0, 2pi] in (5) along with (3), (4)
and the convexity of
∣∣∂f
∂ρ
∣∣ imply that
∣∣∣∣R
∫ ∫
σ(C,R)
f(x, y, z)dσ − 3
∫ ∫ ∫
B¯(C,R)
f(x, y, z)dv
∣∣∣∣ ≤ (6)
∫ 2pi
0
∫ pi
0
∫ R
0
∣∣∂f
∂ρ
∣∣(a + ρcosθsinϕ, b+ ρsinθcosϕ, c+ ρcosϕ)ρ3sinϕdρdϕdθ ≤
∫ 2pi
0
∫ pi
0
∫ R
0
∣∣∂f
∂ρ
∣∣((1− ρ
R
)(a, b, c) +
ρ
R
(a +Rcosθsinϕ, b+Rsinθcosϕ, c +Rcosϕ
)
×
ρ3sinϕdρdϕdθ ≤
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∫ 2pi
0
∫ pi
0
∫ R
0
ρ3
(
1−
ρ
R
)∣∣∂f
∂ρ
∣∣(a, b, c)sinϕdρdϕdθ+
∫ 2pi
0
∫ pi
0
∫ R
0
ρ4
R
∣∣∂f
∂ρ
∣∣(a +Rcosθsinϕ, b+Rsinθcosϕ, c+Rcosϕ)sinϕdρdϕdθ =
piR4
5
∣∣∂f
∂ρ
∣∣(a, b, c)+
R4
5
∫ 2pi
0
∫ pi
0
∣∣∂f
∂ρ
∣∣(a +Rcosθsinϕ, b+Rsinθcosϕ, c +Rcosϕ)sinϕdϕdθ =
piR4
5
∣∣∂f
∂ρ
∣∣(a, b, c) + R2
5
∫ ∫
σ(C,R)
∣∣∂f
∂ρ
∣∣(x, y, z)dσ.
Since
∣∣∂f
∂ρ
∣∣ is convex, then from (1) and (6) we obtain that
∣∣∣∣R
∫ ∫
σ(C,R)
f(x, y, z)dσ − 3
∫ ∫ ∫
B¯(C,R)
f(x, y, z)dv
∣∣∣∣ ≤ (7)
R2
20
∫ ∫
σ(C,R)
∣∣∂f
∂ρ
∣∣(x, y, z)dσ + R2
5
∫ ∫
σ(C,R)
∣∣∂f
∂ρ
∣∣(x, y, z)dσ =
R2
4
∫ ∫
σ(C,R)
∣∣∂f
∂ρ
∣∣(x, y, z)dσ.
Dividing (7) with ”4piR3” we obtain the desired result (2). For the sharpness of (2)
consider the function f : B¯(C,R)→ R defined as
f(x, y, z) = R −
√
(x− a)2 + (y − b)2 + (z − c)2.
By the use of spherical coordinates we have f(ρ, ϕ, θ) = R − ρ, for ρ ∈ [0, R],
ϕ ∈ [0, pi] and θ ∈ [0, 2pi]. With some calculations we obtain that
1
4
3
piR3
∫ ∫ ∫
B¯(C,R)
f(x, y, z)dv =
1
4
3
piR3
∫ 2pi
0
∫ pi
0
∫ R
0
(R− ρ)ρ2sinϕdρdϕdθ =
R
4
.
(8)
Also ∫ ∫
σ(C,R)
f(x, y, z)dσ = (9)
∫ 2pi
0
∫ pi
0
f(a+Rcosθsinϕ, b+Rsinθcosϕ, c +Rcosϕ)R2sinϕdϕdθ =
∫ 2pi
0
∫ pi
0
(R− R)R2sinϕdϕdθ = 0.
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On the other hand since
∣∣∂f
∂ρ
∣∣ = 1, then
1
16piR
∫ ∫
σ(C,R)
∣∣∂f
∂ρ
∣∣(x, y, z)dσ = 4piR2
16piR
=
R
4
,
which along with (8) and (9) show that (2) is sharp. 
The following is trapezoid type inequalities related to the (1) for the mappings
defined on B¯(C,R).
Theorem 2.2. Suppose that B¯(C,R) ⊂ I◦, where I ⊂ R3 and consider f : B¯(C,R)→
R which has continuous partial derivatives with respect to the variables ρ, ϕ and θ
on I◦ in spherical coordinates. If |∂f
∂ρ
| is convex on B¯(C,R), then
∣∣∣∣ 14
3
piR3
∫ ∫ ∫
B¯(C,R)
f(x, y, z)dv − f(a, b, c)
∣∣∣∣ ≤ 516piR
∫ ∫
σ(C,R)
∣∣∂f
∂ρ
∣∣(x, y, z)dσ.
Proof. For fixed ϕ ∈ [0, pi] and θ ∈ [0, 2pi] we have
∫ R
0
∂f
∂ρ
(a+ ρcosθsinϕ, b+ ρsinθcosϕ, c + ρcosϕ)sinϕdρ = (10)
f(a+Rcosθsinϕ, b+Rsinθcosϕ, c +Rcosϕ)sinϕ− f(a, b, c)sinϕ.
Integration with respect to the variables ϕ ∈ [0, pi] and θ ∈ [0, 2pi] in (10) implies
that
∫ 2pi
0
∫ pi
0
∫ R
0
∂f
∂ρ
(a+ ρcosθsinϕ, b+ ρsinθcosϕ, c + ρcosϕ)sinϕdρdϕdθ =
∫ 2pi
0
∫ pi
0
f(a+Rcosθsinϕ, b+Rsinθcosϕ, c +Rcosϕ
)
sinϕdϕdθ−
∫ 2pi
0
∫ pi
0
f(a, b, c)sinϕdϕdθ =
1
R2
∫ ∫
σ(C,R)
∣∣∂f
∂ρ
∣∣(x, y, z)dσ − 4pif(a, b, c).
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So from the convexity of
∣∣∂f
∂ρ
∣∣ we get∣∣∣∣ 14piR2
∫ ∫
σ(C,R)
f(x, y, z)dσ − f(a, b, c)
∣∣∣∣ ≤ (11)
1
4pi
∫ 2pi
0
∫ pi
0
∫ R
0
∣∣∂f
∂ρ
∣∣(a+ ρcosθsinϕ, b+ ρsinθcosϕ, c + ρcosϕ)sinϕdρdϕdθ ≤
1
4pi
∫ 2pi
0
∫ pi
0
∫ R
0
(1−
ρ
R
)
∣∣∂f
∂ρ
∣∣(a, b, c)sinϕdρdϕdθ+
1
4pi
∫ 2pi
0
∫ pi
0
∫ R
0
ρ
R
∣∣∂f
∂ρ
∣∣(a+Rcosθsinϕ, b+Rsinθcosϕ, c+Rcosϕ)sinϕdρdϕdθ =
R
2
∣∣∂f
∂ρ
∣∣(a, b, c) + 1
8piR
∫ ∫
σ(C,R)
f(x, y, z)dσ.
It follows from triangle inequality, (11), (1) and (2) that∣∣∣∣ 14
3
piR3
∫ ∫ ∫
B¯(C,R)
f(x, y, z)dv − f(a, b, c)
∣∣∣∣ ≤
∣∣∣∣ 14
3
piR3
∫ ∫ ∫
B¯(C,R)
f(x, y, z)dv −
1
4piR2
∫ ∫
σ(C,R)
f(x, y, z)dσ
∣∣∣∣+
∣∣∣∣ 14piR2
∫ ∫
σ(C,R)
f(x, y, z)dσ − f(a, b, c)
∣∣∣∣ ≤
1
16piR
∫ ∫
σ(C,R)
∣∣∂f
∂ρ
∣∣(x, y, z)dσ + R
2
∣∣∂f
∂ρ
∣∣(a, b, c) + 1
8piR
∫ ∫
σ(C,R)
f(x, y, z)dσ ≤
1
16piR
∫ ∫
σ(C,R)
∣∣∂f
∂ρ
∣∣(x, y, z)dσ + 1
8piR
∫ ∫
σ(C,R)
∣∣∂f
∂ρ
∣∣(x, y, z)dσ+
1
8piR
∫ ∫
σ(C,R)
∣∣∂f
∂ρ
∣∣(x, y, z)dσ = 5
16piR
∫ ∫
σ(C,R)
∣∣∂f
∂ρ
∣∣(x, y, z)dσ,
which implies the desired result. 
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